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ABSTRACT Intermolecular contributions to segmental orientation in uniaxially deformed amorphous networks 
are formulated according to a lattice model. The network chains are represented as sequences of freely jointed 
rodlike segments each corresponding to a Kuhn segment. The length-tu-width ratio, x ,  of the volume occupied 
by a Kuhn segment varies, depending on the type of the polymeric system. For polyethylene, this ratio is 
estimated to be about 2. The length-to-width ratios of Kuhn segments of flexible chains may in general be 
taken to lie between 1 and 3. The entropy of packing of such network chains in an oriented lattice is derived, 
and the orientation function is evaluated as a function of extension ratio, degree of swelling, and chain stiffness. 
The treatment is a generalization of the original work of DiMarzio in which the reduced flexibility or the 
relative Stiffness of chain segments was not considered. Results of calculations show that for sufficiently 
flexible chains, i.e., for the chains composed of Kuhn segments of nearly spherical shape, intermolecular 
contributions to segmental orientation are of secondary importance compared to intramolecular effects and 
rapidly vanish with dilution upon swelling of the network with a solvent. Intermolecular interferences to 
segmental orientation lead to about a 10-159; increase in the observed orientation function in dry network 
chains with Kuhn segments of an axial ratio x = 3. 

1. Introduction 

Segmental orientation in elastomeric networks under 
uniaxial deformation is traditionally expressed by the 
simple expression 

1 
5m So = -(A2 - A-1) 

Here, SO is the orientation function or the second Le- 
gendre function, m is the number of Kuhn segments in a 
network chain, and X is the extension ratio defined as the 
ratio of the deformed length of a sample to that in the 
reference state. Equation 1, obtained first by Kuhn and 
Grun,' represents the leading term of a more general 
expression based on the inverse Langevin equation.1-3 The 
latter is derived from the fundamental assumption that 
the chain segments do not interact with their neighbors, 
i.e., intermolecular effects on segmental orientation are 
absent and the chains are phantomlike. Due to the 
phantomlike nature of the chains, the theory of Kuhn and 
Grun is referred to in the literature as "gaslike". The 
subscript zero in eq 1 indicates tha t  this expression 
represents segmental orientation in a gaslike environment. 

Various theoretical attempts have been made to improve 
the gaslike theory. The effect of intermolecular interfer- 
ences has first been considered in a lattice model by 
DiMarzioO4 This work is of fundamental importance 
because it is the first attempt to incorporate the idea of 
competition of chain segments for space in an oriented liq- 
uidlike environment. Tanaka and Allen later attempted 
to improve the  work of DiMarzio.5 Intermolecular 
contributions to orientation were also analyzed by Jarry 
and Monneriee by a phenomenological model in which 
nematic interactions between neighboring segments in a 
liquid were postulated. Those theories4+ are referred to 
as "liquidlike" theories in recognition of the fact that the 
molecules are embedded in a lattice where a segment 
excludes its volume from its immediate neighbors. The 
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model of Tanaka and Allen leads to values of segmental 
orientation in the dry state, which are about 50-100% 
larger than those predicted by the gaslike theory. By 
intuitive reasoning, this rather large contribution from liq- 
uidlike sources may be expected to occur in networks with 
relatively stiff chains but should be much less in a medium 
with highly flexible chains. One thus expects segmental 
orientation to depend also on the degree of stiffness of the 
chains. The lattice models of DiMarzio and of Tanaka and 
Allen, being simple representations of a liquidlike medium, 
do not depict the role of chain stiffness on segmental 
orientation. The present study is an attempt to improve 
the liquidlike theory in this direction. For this purpose, 
we adopt the recent lattice theory of Flory7 for chains with 
freely jointed rodlike segments. The length-to-width ratio 
of each segment of a chain, which is a measure of chain 
stiffness, is thus incorporated into the theory of segmental 
orientation. 

2. Model and Assumptions 
The network consists of n2 freely jointed chains each 

containing m segments, referred to as "Kuhn segments", 
of length 1. Each chain is attached to an active junction 
at its two extremities. Although the freely jointed chain 
is a hypothetical model, its correspondence to a real chain 
may be established by scaling arguments.8 The number 
m, and length I ,  of segments in a real chain are related to 
m and 1 as 

ml = rmal = mrlr cos (012)  

(2) 
where rmax is the maximum stretched length of the real 
chain, 0 is the supplemental bond angle, ( r2)o is the mean- 
squared end-to-end length in the unperturbed state, and 
C, is the characteristic ratio. For polyethylene (PE), 
calculations lead to8 m,/m = 10 and 111, 2: 8. A more 
rigorous analysis of the equivalent segment size of a freely 

ml2 = ( r 2 ) ,  = C,m,l, 2 
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Figure 1. (a) Space-filling shape of a segment of 10 bonds in 
the all-trans form. (b) The approximate root-mean-square 
dimensions of the 10-bond chain. 
jointed chain for PE hy matching the higher order moments 
of the end-to-end distance of the real and the freely jointed 
chain leads to m,/m = 2W22.9 A segment of a polyethylene 
chain with 10-22 bonds may he viewed as a rodlike object, 
as is clearly demonstrated by the detailed calculations of 
Yoon and Floryg some years ago. The "average" shape of 
a polyethylene chain of 10 bonds, according to their work, 
may he visualized as approximately of ellipsoidal form. To  
estimate the corresponding length-to-width ratio or the 
so-called axial ratio x ,  the following approach may be used 
from the persistence vectors along the axial and lateral 
directions, the mean end-to-end separation is estimated 
to be 6.3 for a PE segment of about 10 bonds. Upon 
consideration of the fluctuations in dimensions, both in 
the transverse and longitudinal directions, values of about 
9.5 and 4.5 A are found for the respective length and 
diameter of a representative cylindrical volume, which leads 
to an axial ratio of x = 2. The space-filling shape of a 
segment of 10 bonds in the all-trans form is shown in Figure 
la. The mean shape of such a segment obtained from the 
mean-squared dimensions given above is shown in Figure 
lb. Calculations for other flexible chains lead to similar 
values for the length-to-width ratios. This value, although 
much less than these for stiffer chains such as liquid- 
crystal-forming molecules is nevertheless indicative of a 
small degree of anisotropy of a Kuhn segment. The 
network chains when viewed in this way conform with the 
Flory? model of a system of rods connected by flexible 
joints, each rod corresponding to a Kuhn segment. 

Figure 2a displays an illustrative network chain 
consisting of 20 Kuhn segments (i.e., freely jointed rods) 
between two tetrafunctional junctions A and B. For 
simplicity, the network chains will be assumed to be mon- 
odisperse, i.e., composed of the same number m of rods, 
with all rods having an identical axial ratio x .  The lateral 
dimensions of the rods will be of the size of solvent 
molecules or lattice sites. The model presented below may 
he readily adapted to the case of more than one lattice site 
occupied by either solvent molecules or the rodlike 
segments in the lateral direction, following an early 
treatment by Flory.lo Let us now focus on a given segment 
of a network chain shown in Figure 2b. The orientation 
of the segment is defined by the two Euler angles, q k  and 
@a.  The Z direction in the figure indicates the preferred 
direction, also referred to as the domain axis. In a simple 
extension, this direction coincides with the direction of 
stretch. The subscript k indicates that the orientation of 
the segment lies within the kth solid angle. In conformity 

(a) (b) (C) 

Figure 2. (a) Network chain of 20 Kuhn segments between the 
two tetrafunctional junctions A and B. (b) A segment of a chain, 
with "hand h representing the polar and azimuthal angles. The 
coordinates XYZ represent a laboratory fixed system, with Z 
showing the direction of stretch, or the preferred direction, in 
uniaxial extension. (e) Division of the segment into yk = x sin 
q k  suhmolecules, each oriented along the preferred direction. 

with the lattice treatment of Flory and collahorators,?JIJ* 
the accommodation of the rod in the lattice is achieved 
through its representation by a sequence of y k  = x sin %k 
suhmolecules, occupying each X / y k  sites and oriented along 
the preferred direction as shown in Figure 2c. Thus, Y k  
characterizes the orientation of the given rod. I t  is 
expressed in terms of q k  and @k as12 

(3) 
for t he  rod exhibiting tha t  particular orientation. 
According to this definition, the value of y k  increases as 
the rod becomes disoriented. It is therefore referred to 
as the disorientation index. 

The junctions of the network at the extremities of each 
chain are assumed to displace affinely with macroscopic 
deformation. This assumption, which is also employed by 
Kuhn and G r h ,  is not exactly correctl3 but simplifies the 
problem to a large extent. Improvements in the theory 
by assuming nonaffine displacements of junctions may, 
however, be considered in a mean-field sense as has been 
done previously.11 Additionally, the volume of the network 
is assumed to be constant throughout the deformation. 

3. Exact Formulation of t h e  Problem 
Partition Function and Free Energy of Mixing. For 

a system of n2 polymer and nl solvent molecules in a lattice 
consisting of no sites, the respective volume fractions are 
given by 

v2 = mxn2/no 

yk = x sin qk(lcos $kl  + lsin @ k l )  

"1 = n,/no (4) 
The expected number, ~ j + ~ ,  of ways for adding the (j + 1)th 
chain molecule to no lattice sites with mxj of them already 
mcupied by j chain molecules is obtained according to the 
lattice theory of rodlike particles? as 

where z is the coordination number of the lattice and the 
mean disorientation index, g, is defined by 

Here, nth indicates the number of segments of the lth chain, 
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whose orientation lies within the kth solid angle, and Yk 
is the corresponding disorientation index. The index k in 
the last summation denotes all seta of solid angles available 
to the rods. 

The computation of vj+l enables us to calculate the com- 
binatorial part 'comb of the partition function for the lattice 
from 
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The equilibrium distribution of rods between different 
orientations with constraints given by eqs 13-16 is 
determined by the equation 

n2 

j=l 

The orientational part of the partition function is 

(7) 

Here, Wk is the kth fractional range of solid angle. The 
total configuration partition function of the mixture is 
found from 

zm = 'comb'orient (9) 
The latter is used in evaluating the Helmholtz free energy 
change of mixing according to 

(10) 
where k~ is the Boltzmann constant and Tis  the absolute 
temperature. When the Stirling approximation is used for 
factorials, -In 'comb may be written as 

-In Zcomb = n, In u1 + n2 In (u2/mx) - (n, + n2mg) In [ l -  
u,( l -g/x)]  + n,(mg - 1) - n,(m - 1) In ( z  - 1) (11) 

and -In Zoriant is simplified as 

AAm = -k,T In 2, 

Equations 11 and 12 are readily substituted into eqs 9 and 
10 to obtain the free energy change of mixing. 

Orientational Distribution under Deformation. If 
there are no constraints imposed on the system, then an 
equilibrium distribution of rods among different orienta- 
tions is obtained by minimizing the free energy of the 
system with respect to nj,k. The imposition of external 
constraints requires the use of Lagrange multipliers while 
minimizing the free energya2 We fix the end-to-end vectors 
for each of the n 2  chain molecules. Thus 

'Xj 
- = E n j , ,  sin \ k k  cos (bk 

1 k  

'Yj - = E n j , ,  sin \ k k  sin $k 
l k  

Here, rxi, r y j ,  and rzj  denote X, Y,  and 2 components 
of the end-to-end vector r for the j th  molecule, and 1 is 
the length of a rod. I t  should be noted that the constraints 
given by eqs 13-15, where each Cartesian component of 
the end-to-end vector is kept fixed, are different from that 
of the Kuhn and Grun treatment. In the latter, only the 
component along the direction of stretch is fixed. The 
distribution of nj,k is additionally subject to the constraint 

Here, a, 0, y, and 6 are Lagrange multipliers and the 
summations are performed over all orientations k' different 
from k. Substituting -In 'comb and -In 'orient given by eqs 
11 and 12 and performing the above differentiation, we 
obtain 

9 = Wk expi-ay, + a - 1 + 0 cos \ k k  + y sin \ k k  cos $k + m 
6 sin \ k k  sin &] (18) 

where 
a = -In [ 1 - u,(l - Y/x)] (19) 

It  should be noted that 'comb depends implicitly on nj$ 
through 4, and the partial derivative a g / a n j , k ,  = yk/nzm 
has been used in deriving eq 18. This relies on the 
reasonable approximation that  the distribution of 
orientations in a given rod is equated to that of the whole 
ensemble. This approximation becomes rigorous when the 
network chain is sufficiently long. Equation 18 reflects 
the probability distribution of different orientations among 
the rods composing the j th  chain. I t  results from two 
effects: (i) orientation due to stretching of the chain from 
its two ends, i.e., orientation of the network chain in the 
gaslike medium, and (ii) orientation resulting from inter- 
molecular correlations or from local exclusion of the volume 
of one segment to its neighbors. The latter effect enters 
eq 18 through the (ayk) term in the exponent. In the 
absence of intermolecular correlations, the difference 
between g and x introduced by the lattice model vanishes. 
Equating g / x  to unity in eq 19 leads to a = 0. The 
distribution given by eq 18 then reduces to 

exp(a') exp[@ cos \ k k  + nj.k;isotropic - sin ' k  d\kk d 4 k  - 
m 4a 

y sin cos f$k + 6 sin \ k k  sin &] (20) 
where the solid angle Wk in eq 18 has been replaced by (1/ 
47r) sin \ k k  d\kk d&, and a - 1 in eq 18 has been replaced 
by a'. Correspondence to the Kuhn and Grun result is 
obtained by equating y and 6 in eq 20 to zero. 

The Lagrange multipliers CY, 0, y, and 6 are to be 
determined from eqs 13-16. When eq 18 is used and 
summations over directions are replaced by integrals, the 
conditions imposed by the constrains may be written as 

fl  cos \ k k  + y sin \ k k  cos $k + 6 sin \ k k  sin f$kl (21) 

CY + 0 cos \ k k  + y sin \ k k  cos 4 k  + 6 sin q k  sin f$k] (22) 

CY + 0 cos \ k k  + y sin \ k k  cos 4 k  + 6 sin \ k k  sin $ k }  (23) 

a + cos \ k k  + y sin \ k k  cos r$k + d sin \ k k  sin (24) 
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I t  is noted tha t  the Lagrange multiplier a may be 
eliminated from eqs 22-24 by dividing each of them by 
eq 21. A further simplification will be the following: 
Equations 22-24 are independently satisfied by each of 
the n2 network chains. Considering the ensemble average 
of all the network chains, we will approximate rxj, ryj, and 
r z j  in the following development by their root-mean- 
square values; i.e. 

rxj = (rx2)1/2 

rYi = (ry2)'/' (25) 
Under these approximations the subscripts j in eqs 22- 
24 may be omitted. 

For freely jointed chains under affine deformation the 
mean-square components of r are related to those in the 
free state by 

(r:) = x:(r:)o = ~ , 2 m P / 3  

(rX2) = Xx2(rx2)o = Ax2m12/3 

(r:) = Xy"(rt)o = X;m12/3 (26) 
Here (ri2)o is the mean-square ith component of r prior 
to deformation, and hi is the extension ratio along the 
direction i defined as the ratio of the final length to the 
reference length. For uniaxial deformation 

A, = h 

A, = x, = 1/(hu2)'/2 

(r;)'J2/1 = ~ ( m / 3 ) ' / ~  (28) 

(rX2)'/2/1 = (r;)'/'/l = (m/3Xu2)'/' (29) 
Also the Lagrange multipliers y and 6 are equal to each 
other for uniaxial deformation. In this particular case, by 
combining eqs 28 and 29 with eqs 21-25, we obtain 

(27) 
Substitution from eq 27 into eq 26 leads to 

c d 4 J r d *  cos 9 f(4,*) 
(30) -- - x 

(3m)'" J2"d4$,*d\k f($,\k) 

and 

where f(4,\k) is the orientational distribution function given 

f (@,\k)  = sin \k exp[-ax sin \k[lcos 41 + Jsin $11 + 
0 cos \k + y sin *(cos 9 + sin $)] (32) 

The dummy subscript k is omitted in writing eqs 30 and 
31. These two equations additionally require the knowl- 
edge of j ,  since the latter is contained through a as defined 
by eq 19. Equations 18 and 3 lead to 

by 

(33) 
It should be noted that eq 33 for p = y = 0 differs from 

the corresponding equation in the Flory-Ronca paper12 
because the problem was simplified in the latter by preav- 
eraging y over the angle 4, which reduces the double 
integration to single integration over \k only. Exact 
calculations performed recently14 show that the approxi- 
mation introduced by preaveraging does not lead to  
significant differences. However, to keep generality, this 
approximation will not be adopted in the present work. 

Equations 30, 31, and 33 form a system of three non- 
linear equations to be solved simultaneously for 4, P, and 
y, which are all functions of A. The evaluation of 9, P, and 
y enables us to calculate other quantities of interest such 
as 

and 

c d O J " d \ k  cos2 \k f(@,\k) 

s, '"d4rd* f (hW 
(cos2 \k) = (35) 

which is used in the evaluation of the orientation function 
s = 3 (cos2 \ k ) / 2  - 112. 

4. An Approximate Closed-Form Solution 

Equations 30,31, and 33 may be solved analytically for 
small P,  y, and small a, Le., small @ / x  - l), by expanding 
the trigonometric functions in the exponential part of eq 
32 into the Taylor series and keeping only the terms that 
are linear in a, 0, and y. The resulting simpler equations 
are readily integrated to yield 

-y/3 1 -  - 
(37) 

J2"dO$o"d\k sin \k cos qj g(4,\k) 

(3m~u,) ' /~  - s,'"d#S,"d* g(d,\k) 1 - ax 

where 

g(4,\k) = sin \k - ax sin2 \k[~cos 41 + lsin $11 + 

In the first approximation 
p cos \k sin \k + y sin' *(cos 4 + sin 4) (38) 

p = (3/m)'/2X(1 -ax) = (3/m)'I2X (39) 

y = (3/mX~,) ' /~( l  - ax)  = ( ~ / ~ X I J , ) ' / ~  (40) 
To calculate y / x ,  we expand both the numerator and the 
denominator in eq 33 up to the second order in a, j3, and 
y and obtain 

X 

L(P2 24 - 7') (41) 

with the lowest order terms in a, j3, and y kept only after 
division. Using the approximation 

a = -ln[l - 4 1  - y / x ) ]  2 u 2 ( l - ~ / x )  (42) 
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in eq 41, we obtain 
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with 

x ,  = = 10.98 (44) 
( 4 1 ~ )  - 1 

We see that a is of the order of y2 and p2; i.e., terms of 
the order of a2 may safely be neglected in the expansions. 
I t  is interesting to note that x ,  is the length-to-width ratio 
of segments above which the system is totally anisotro- 
pic (see the following paper for a detailed discussion). The 
corresponding value in the Flory-Ronca model with preav- 
eraging Yk over 4k is different, namely 

= 12.38 
(32/3a2) - 1 %,FR = (45) 

Substituting the expressions 39 and 40 for 0 and y into 
eq 43, we obtain 

In order to calculate (cos2 9 ), we expand the numerator 
and the denominator in eq 35 up to the first order in a 
and the second order in 0 and y and obtain 

1 2 
12 45 -ax + -(p2 - y2) (47) 

The orientation function 

(48) 

is obtained by substituting from eq 47 and using eq 46 for 
a as 

s = $cos2 9) - - 1 
2 

= so + si 
(49) 

5m 

where 

(50) 

denotes the intermolecular contribution to segmental 
orientation arising from competition for space of segments 
in an oriented environment. 

From eq 50 we see that Si vanishes for X/Xa << 1. In this 
case, the problem reduces to orientation in a gaslike 
environment. Si also decreases with increasing solvent 
content and equates to zero in the limiting case of u2 = 
0, as is readily seen from eq 50. 

5. Results of Calculations and Discussion 
Results of calculations for the orientation function for 

a dry network with m = 20 are presented in Figure 3 as a 
function of X for x = 1 and 3 as identified by the lower 
and upper solid curves, respectively. The choice of m = 
20 corresponds to a network chain of about 200-400 bonds 
and represents a moderately cross-linked network. The 

0.4 

0.3 

v) 0.2 

0.1 

6 
0.0 

1 2 3 - 4  5 
A 

Figure 3. Orientation function for a dry network with m = 20 
presented as a function of A. Solid curves are for the exact solution 
from eqs 30,31, and 33 with x = 1 (lower curve) and x = 3 (upper 
curve). The dot-dashed curve is for a freely jointed chain in a 
gaslike environment. The dashed curve is from the simplified 
expression given by eq 1. 

curves are obtained by solving the three nonlinear 
equations (eqs 30, 31, and 33) numerically. The dot- 
dashed curve represents segmental orientation in a freely 
jointed chain with 20 Kuhn segments in a gaslike environ- 
ment. I t  is obtained by letting a = 0 in eqs 30 and 31 and 
solving for 0 and y and solving for (cos2 9) from eq 35 
with a again set equal to zero. These results are in 
agreement with those obtained by Walasek,15 by similar 
arguments on the use of constraints. The dashed curve 
is obtained from eq 1 and corresponds to the simplified 
expression for segmental orientation SO in a gaslike 
environment. This curve, which is obtained for a reason- 
able chain length with m = 20, represents the first term 
of the complete solution indicated by the lowest solid curve 
in the figure. I t  leads to values significantly lower than 
the complete solution. The dot-dashed curve and the one 
for x = 1 are remarkably close to each other for a very wide 
range of X values. The upper curve in the same figure 
corresponding to x = 3 does not lead to much larger values 
of segmental orientation than those shown by the dot- 
dashed curve and the one for x = 1. For X = 5, for example, 
S for x = 3 is only 14 % larger than that shown by the dot- 
dashed curve. These observations lead to the conclusion 
that intermolecular contributions are not significant for 
flexible chains with x 4 3. This is in marked contrast with 
results of Tanaka and Allena5 

Values of S obtained from the exact solution from eqs 
30, 31, and 33 and those obtained from the linearized 
expression, eq 49, are compared in Figure 4 for x = 3. The 
difference between the two results is remarkably small for 
the range of X shown. Their difference is even less 
significant for x = 1. We can thus conclude that the very 
simple expression for segmental orientation given by eq 
49 may safely be used instead of the exact solution provided 
that the length-to-width ratio on the Kuhn segments is 
confined to relatively small values. I t  should be noted, 
however, that agreement is not possible for larger values 
of x ,  as is discussed in the following paper.16 

The effect of swelling on segmental orientation is shown 
in Figure 5. The ordinate values are obtained as the ratio 
of S in a liquidlike network obtained from eq 49 to that 
for a gaslike network obtained from eq 1. Calculations are 
performed for cy = 2, where N is the elongation relative to 
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to similar results for u2 2 0.1 and therefore is not presented 
separately. For values of up I 0.1 the exact solution 
diverges because of the finite extensibility of the chains. 

The phenomenological result proposed by Jarry and 
Monneriee and the analytical expression given by eq 49 
are of the same functional form. Approximating 5xa/64 
by unity in the latter and comparing with the expression 
given for segmental orientation by Jarry and Monnerie 
shows that the parameter V of their theory may be 
identified with xu21xa of the present treatment. However, 
this identification is only apparent, due to the fact that 
the basis of the interactions in the Jarry-Monnerie theory 
is energetic in nature, whereas here x u 2 / x a  is obtained by 
considering the liquidlike nature of Kuhn segments and 
hence is of entropic origin. A more appropriate comparison 
is possible upon consideration of intermolecular thermo- 
tropic interactions. 

The present treatment is confined to the study of inter- 
molecular contributions in networks with flexible chains. 
The analysis of the problem for networks with stiffer chains 
and with possible thermotropic effects between segments 
resulting in phase transitions due to orientation upon 
stretching is considered in the following paper.16 
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Figure 4. Comparison of values of S from the exact solution and 
the linearized expression, eq 49 for x = 3. 
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Figure 5. Dependence of S on u2 for x = 1 and 3. Calculations 
are for an extension ratio CY of 2. The ordinate represents the 
ratio of S from eq 49 to that from eq 1. 

the isotropic swollen sample, i.e., a = XL$/~. The abscissa 
represents the amount of solvent in the network. The 
difference between segmental orientation in the liquid- 
like and the gaslike networks is seen to diminish rapidly 
with swelling. Again, the contribution from intermolec- 
ular sources is significantly less than that obtained from 
the theory of Tanaka and Allen.5 The solution of the 
swelling problem according to the exact treatment leads 
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